Abstract. Some basic properties of subquadratic functions, i.e. functions fulfilling the inequality
<p{x + y) + <fi(x -y) < 2 ip(x) + 2 ip(y)
are proved.
In this note X be always a real linear space and M be denotes the set of all reals. Every function <p : X -> R satisfying the following inequality (1) ip
(x + y) + <p(x -y) < 2tp(x) + 2<p(y), x, y € X,
is called subquadratic. If the sign "<" is replaced by ">" then tp is called superquadratic and if we have " = " instead of " < " in (1) then we say that ip is quadratic function. There are plenty papers devoted to quadratic functions [1] , [2] , [3] (and references there). In this note some properties of the solutions of (1) will be proved, particularly we will investigate nonpositive solutions of (1) . Also interesting question of finding sufficient conditions on subquadratic function to be quadratic one will be considered.
General properties
We start with some examples of subquadratic functions showing that some additional conditions are needed to obtain functions with "a good properties". Fix an e > 0 and consider a function ip : X -.
• M fulfilling the inequality
Putting (p(x) = ip(x)+x €E X we observe that ip is a subquadratic function and, moreover,
\tp{x) -<p(x)\ <
This means that the problem of the stability of the inequality defining subquadratic functions is stable in the sense of Hyers and Ulam [6] .
It is known [5] that if subquadratic function (p satisfies the equality <p(2x) = 4ip(x), x G X then it has to be quadratic one. We will use the following Lemma 1 to obtain some more better result of this kind. and for every nonnegative integer n we have
Proof. Setting x = y = 0 in (1) we infer that </?(0) > 0. Putting x = y in (1) we obtain ip(2x) + <¿>(0) < 4ip(x), whence we get
Assume now that
for some positive integer n. Consider two cases. If n is even then we use the equalities (1) and (4) we get
If n is odd then n + 1 is even. Therefore, again by (4) and (2) we have
This ends the proof of Lemma 1.
• In particular <p(px) = p 2 ip(x), x G X, which contradicts the minimality of n(= 2p). Assume now that n is odd. Then n = 2p + 1 for a positive integer p and by virtue of Lemma 1 and (1) In particular Using also (3) we get
which again contradicts the minimality of n(= 2p+1). The proof of Theorem 1 is complete.
• Proof. On account of (1) <p(y) + <p(-v) < 2<^(0) + 2ip(y), yex.
Therefore (6) -nO) < ,
y e x, which means that the odd part of <p is bounded below on X. Since the odd part of <p is odd function then it is bounded bilateraly. It follows from (6) that if y(0) = 0 then (p is even function.
•
COROLLARY 1. Every odd subquadratic function is equal to zero function.
Proof. By assumption <p(0) = 0 and hence <p is an even function. Being also odd it has to be zero function.
The next theorem was firstly obtained by W. Smajdor [5] , but here we give an immediately proof. 
Then there exists a quadratic function u> : X -• R such that
Proof. It follows from our assumptions and Lemma 1 that
The sequence (•^ip(2 n x)) is decreasing and bounded 2 n x)) is increasing). In fact, on account of Lemma 1 we get iil^1*) = ¿(^(22"*)) < ¿V>(2"x).
The limit
n is subquadratic function and
n->oo 4 n->oo for every x G X. According to Theorem 1 u is quadratic function. The inequalities tp(x) < u>(x) < (p(x), x G X are consequence of (7).
The last result of this section shows that there is a large family of subquadratic functions.
THEOREM 4. Let f : R -> R be a nondecreasing concave and subadditive function. If ip : X -> R is a subquadratic function then f o<p is subquadratic, too.

Proof. Putting tp = / o ip we observe that ip{x + y) + ip(x -y) = f(tp(x + y)) + f(<p(x-y))
< f(<p(x) + <p(y)) < f(<p(x)) + f(<p(y)) = ip(x) +ip(y). •
Every function of the form <p(x) = cx 2 , x € R, is quadratic. In the next theorem we give sufficient conditions under which a subquadratic function has the same form. Letting fc -> 00 we get our assertion.
Nonpositive subquadratic functions
If ip is a nonpositive subquadratic function then on account of Lemma 1 yj(0) = 0. It follows from Theorem 2 that every nonpositive subquadratic 
